Abstract This paper presents a novel framework that links imprecision (through a fuzzy approach) and stochastic uncertainty (through a Bayesian approach) in estimating flood probabilities from historical flood information and systematic flood discharge data. The method exploits the linguistic characteristics of historical source material to construct membership functions, which may be wider or narrower, depending on the vagueness of the statements. The membership functions are either included in the prior distribution or the likelihood function to obtain a fuzzy version of the flood frequency curve. The viability of the approach is demonstrated by three case studies that differ in terms of their hydromorphological conditions (from an Alpine river with bedrock profile to a flat lowland river with extensive flood plains) and historical source material (including narratives, town and county meeting protocols, flood marks and damage accounts). The case studies are presented in order of increasing fuzziness (the Rhine at Basel, Switzerland; the Werra at Meiningen, Germany; and the Tisza at Szeged, Hungary). Incorporating imprecise historical information is found to reduce the range between the 5% and 95% Bayesian credibility bounds of the 100 year floods by 45% and 61% for the Rhine and Werra case studies, respectively. The strengths and limitations of the framework are discussed relative to alternative (non-fuzzy) methods. The fuzzy Bayesian inference framework provides a flexible methodology that fits the imprecise nature of linguistic information on historical floods as available in historical written documentation.
Introduction
Numerous extreme floods around the world in the last decades [Hall et al., 2014] have resulted in a renewed interest in historical floods. Due to the rich historical material, Europe lends itself particularly well to studying historical floods [see e.g., Br azdil et al., 2006 [see e.g., Br azdil et al., , 2012 Glaser et al., 2010; Hall et al., 2014] .
Historical floods are not only interesting from a process perspective, they can also be very useful for flood risk assessment since their record lengths are often much longer than those of the systematic data of the instrumental period [Kjeldsen et al., 2014] . Numerous formal statistical methods have been proposed that combine information on historical floods with systematic flood discharge measurements [e.g., Leese, 1973; Cohn et al., 1997; O'Connell et al., 2002; England et al., 2003; Benito and Thorndycraft, 2005] and with regional and process information [see e.g., Merz and Bl€ oschl, 2008a,b; Viglione et al., 2013] . The combination is often framed in Bayesian terms in order to estimate flood discharge probabilities and their uncertainties [e.g., Stedinger and Cohn, 1986; O'Connell et al., 2002; Parent and Bernier, 2003; Reis and Stedinger, 2005; Neppel et al., 2010; Payrastre et al., 2011] .
Information on historical floods, usually, is not only stochastically uncertain but also vague or imprecise. There is an important distinction between stochastic uncertainty and imprecision. Stochastic uncertainty relates to a lack of information about the world and is usually represented by random variables. In the case of floods, the randomness represents the lack of knowledge of the timing future floods of a given discharge will occur (as represented by the flood frequency distribution), and the parameters of that distribution can be uncertain too (due to limited flood record lengths and measurement errors). Imprecision, in contrast, relates to the content of the statement on floods. For example, if historical records described a flood as a ''large flood'', there is nothing uncertain about this statement. Rather it is a vague or imprecise statement, as ''large'' can imply a wide range of water levels. Nevertheless, this kind of information can be useful.
Key Points:
A novel framework of flood probability estimation accounting for both imprecision and stochastic uncertainty of flood information Imprecise (fuzzy) information on historical floods reduces the uncertainty of 100 year flood estimates by 45-61% in the case studies presented The fuzzy Bayesian inference framework perfectly fits the nonprecise nature of linguistic information on historical floods from archives Fuzzy sets have been extensively used in hydrology and water resources planning in such diverse areas as geostatistics [B ardossy et al., 1990] , modeling water flow in the unsaturated zone [Schulz and Huwe, 1997] , catchment water balance modeling [Nasseri et al., 2014] , flood forecasting [B ardossy, 2008] , and flood polder planning [Schumann and Nijssen, 2011] . Surprisingly, fuzzy sets have hardly been used for quantifying historical floods even though much of the historical information is linguistic and the original development of fuzzy set theory was largely motivated by quantifying the vagueness of the human language such as the ''the class of tall men'' [Zadeh, 1965, p. 1] . We believe that the descriptions of historical floods as available in archives and other historical sources perfectly fit the nature of fuzzy modeling due to its ability to process quantitatively imprecise linguistic linguistic expressions and transform them into fuzzy numbers.
The aim of this paper is to propose a new framework that exploits the benefits of fuzzy numbers in quantifying imprecise, linguistic information on historical floods and combines them with systematic flood discharge data by a Bayesian approach. We thus link imprecision (through a fuzzy approach) with stochastic uncertainty (through a Bayesian approach) in estimating flood probabilities.
Section 2 of this paper describes typical source material of historical floods, highlighting its imprecise nature. Section 3 proposes the framework for linking specific information about historical floods with their fuzzy model, building on the fuzzy Bayesian inference theory of Viertl [2008a Viertl [ , 2008b . Section 4 presents three case studies to illustrate the feasibility of the framework for different characteristics of the historical source material. Section 5 discusses the main findings and section 6 presents the conclusions.
Historical Data are Fuzzy
In this paper, we refer to data from the preinstrumental period as the historical time series, as opposed to data from the systematically measured period that are referred to as the systematic or instrumental time series. Historical time series may be developed from various types of written documentary evidence such as narratives (e.g., chronicles, annals, diaries), institutional sources which can be economic-administrative (accounts) and legal-administrative (e.g., charters, official/administrative letters, notes, reports), epigraphic evidence (e.g., flood marks, paintings/drawings), and media information (e.g., newspapers, pamphlets) etc. Depending on source availability, the quality and the regularity of observations and the recording practices, flood series may be built from one source type (e.g., accounts, flood marks, charters/letters etc.) or, more often, from a combination of various source types (e.g., narratives, epigraphic and institutional sources).
A representative example of the fuzzy character of historical documentary evidence is the general terminology applied. In medieval and early modern times in Europe, texts are often written in Latin where the overall magnitude of a flood is represented by specific terms. A clear term for an extreme flood of exceptional magnitude is deluge (''diluvium''). This term is rarely used before the beginning of the 14 th century, and typically used for the most extreme cases such as the floods that occurred in 1315, 1342, 1343, 1374 or 1501 in central Europe. For the Th€ uringen rivers in Germany, ''Diluvium Thuringiacum'' in Latin or ''Th€ uringishe Sintflut'' in German were used [see Deutsch and P€ ortge, 2003] . A very large flood is sometimes referred to as ''inundatio maxima'' (enormous flood), for example, the 1343 Upper-Rhine flood (Generallandesarchiv ). There is thus no precise information on the maximum water levels.
Floods are also sometimes assessed with reference to human memory. Examples for unprecedented floods are ''de a memoria hominum, non visa non audita'' (not seen or heard about in human memory (i.e., in human lifetime)) for the extreme ice jam flood of February 1775 in Budapest, as referred to in the town protocols of BudaPest (BFL Pest. IV. 1202a . 355a. 22 Feb, 1775 [see e.g., Kiss, 2007 ). Almost the same expression was used for the catastrophic 1343 summer flood of Lake Constance (Austrian-German-Swiss border): ''quod antea non est visum, ut antiquiores tunc temporis referebant'' (reported by J. von Winterthur: Baethgen [1924] ). Information on the extent and level of the flood waters may also appear in the source material. Examples are ''die Br€ ucken einem Holz-floß auff dem Wasser gleich gesehen'' (the bridge looked like a wooden raft on the water), referring to the 1570 Rhine flood (see Figure 1 ) (referenced in Wetter et al. [2011] , taken from the Kurtze Bassler Chronik: Groß [1624] ) and ''Ganz Pest gleicht einer Insel'' (the entire city looked like an island in the water), referring to the 1784 Danube flood in Budapest (Kiss [2007] : Pressburger Zeitung I March, 1784).
If quantitative information on water levels is available, as well as information or assumptions about the cross section, discharge can be reconstructed by hydraulic modeling [Benito et al., 2003; Br azdil et al., 2005 Br azdil et al., , 2006 Herget and Meurs, 2010; Wetter et al., 2011; Elleder et al., 2013; Herget et al., 2014] . If the information is less specific regarding water tables, historical flood series are often classified into magnitude categories, and each magnitude class receives a numerical value or index. Table 1 provides the most widespread method of classifying the general information derived from the flood descriptions available in the various source types listed above. The primary indicators relate to the information that is most likely available in historical sources which is information on damage and causalities. The secondary indicators relate to potentially available hydrological information such as water tables, hydromorphological changes and the flood duration. On the basis of both indicators, floods are classified into three index classes. [Groß, 1624] containing the description of the 1570 Rhine flood in Basel. 
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Often it is useful to prepare more specific criteria that are tailored to the characteristics of a particular case study. Table 2 shows such a tailored table for the Tisza at Szeged, Hungary. The primary indicators are more strongly based on agricultural damage, travel obstruction and flood protection issues than those in the general table. The secondary indicators use flood extent and duration instead of overbank flow because of the small elevation differences of the floodplain. For both criteria there is a clear break in 1879 because of the complete destruction of the town during the 1879 flood, followed by a fundamental change in the flood protection system of the entire river. Tables 1 and 2 summarize a set of rules that intend to minimize the effect of perception changes throughout the historical period on the classification of the magnitude of historical flood events.
The criteria in Tables 1 and 2 can be linked to imprecise or fuzzy numbers as will be illustrated by three case studies later in this paper.
Linking Historical Records With Fuzzy Discharges
Fuzzy Bayesian Inference
In this paper we propose a method that transforms the descriptions found in historical records into fuzzy peak discharges, and combines them with systematic discharge measurements by Bayesian flood frequency analysis.
Bayesian inference uses Bayes' theorem to combine prior information with observed data, in order to obtain updated information on the distribution of the parameters of a given model. For a flood frequency distribution with parameters h, Bayes' theorem states that
where p hjD ð Þ is the posterior distribution of the parameters h, after having observed the data D; l Djh ð Þ is the likelihood function and p h ð Þ is the prior distribution of the parameters.
Fuzzy Bayesian Inference [Viertl, 2008a [Viertl, , 2008b ] is a generalized framework for Bayesian inference when fuzzy samples D Ã and/or fuzzy prior probability distributions p Ã h ð Þ are present, which is the case for nonprecise historical floods. Here symbols with asterisks indicate fuzzy valued functions or numbers. Fuzzy flood discharges are represented by their membership functions which give the degree of association n between discharges and a linguistic term such as ''large flood'' as illustrated in Figure 2 . The discharge interval associated with a given membership value n is termed the a-cut and the generalization to fuzzy-valued functions Kiss et al., in prep.] . Note that the criteria change before and after 1879, as significant flood protection measures were introduced (new levee system built, and raising of the ground level close to the river).
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is termed a-levels. In this hypothetical example, a ''large flood'' would surely include discharges between 900 and 1050 m 3 s 21 , corresponding to the a-cut for a 5 1, but smaller and larger discharges are more vaguely associated with the term ''large flood.'' Fuzzy probability distributions are fuzzy-valued functions with some normalizing properties, analogous to the unit integral of traditional probability distributions. Denoting the fuzzy posterior probability distribution as p Ã hjD Ã ð Þ, the fuzzy-valued likelihood of the fuzzy sample D Ã as l Ã D Ã jh ð Þ, and the fuzzy prior probability distribution as p Ã h ð Þ, the generalized Bayes' theorem for their respective lower a-level curves reads
where p a hjD Since the integral in the denominator cannot be generally expressed in closed form, application of the theorem requires simulation-based Monte Carlo sampling techniques such as the Markov chain Monte Carlo (MCMC) approach. In this paper, we use a particular variant of the MCMC method, the delayed rejection and adaptive Metropolis algorithm [Haario et al., 2006; Soetaert and Petzoldt, 2010] to obtain a given a-level curve of the fuzzy posterior probability density function p Ã hjD Ã ð Þ. In this paper, for clarity, the MCMC algorithm is used to estimate only the a-level curves of the fuzzy posterior distribution corresponding to a 5 0, a50:33; a50:66, and a 5 1. Once the sample space of the parameters is obtained by the MCMC algorithm, we use it as an input to the inverse cumulative distribution function of peak discharges to map the uncertainty in the parameters into the credible bounds of the flood quantiles.
The fuzzy likelihood function is expressed as
where D hist Ã is the fuzzy sample containing the nonprecise historical discharges, and D syst is the systematic series, i.e., the discharges directly measured during the instrumental period. Note that the function l Conceptualizing single historical events as fuzzy numbers representing the fuzzy peak discharges and merging them into a fuzzy sample, the fuzzy likelihood function for the historical discharges is simply a generalization of the non-fuzzy case as used in the literature [see e.g., Stedinger and Cohn, 1986; Neppel et al., 2010; Viglione et al., 2013] , which is evaluated as
where h stands for the number of years of the historical period considered, k is the fuzzy sample size (i.e., number of historical discharges), F Q Á ð Þ is the cumulative distribution function of the peak discharges, Q 0 is the flood perception threshold, and f Ã Q Á ð Þ is the probability density function for the peak discharges, taken as a fuzzy function, as it is evaluated for each historical fuzzy peak discharge Q Ã j . The flood perception threshold Q 0 , as introduced by Franc es et al. [1994] , defines the censoring discharge above which all historical flood peaks are assumed to have been recorded, while smaller floods have not. Perception thresholds are often used in flood frequency studies dealing with historical or paleoflood information, as the peak discharge time series during the historical period is rarely complete, and so is considered to be censored by an exceedance threshold (for more detail, see Botero and Franc es [2010] ).
In this paper, the Generalized Extreme Value (GEV) distribution is used as the statistical model for the annual peak discharges. Its cumulative distribution function is
if h 3 6 ¼ 0, while the distribution converges to the Gumbel model for h 3 ! 0. The GEV model has been chosen, as it has recently been reported to better represent the average flood regime of European rivers than alternative distributions [see e.g., Salinas et al., 2014a Salinas et al., , 2014b , but any other extreme value distribution could be equally well used here. The only requirement in the model choice, related to the derivation of the informative prior distribution described in section 3.3.2, is that the flood frequency distribution should be a three-parameter distribution.
All data (historical and systematic) are used here as annual maxima series (one value per year). In case the flood perception threshold varies during the historical period, we divide the historical period into q subperiods with different perception thresholds, such that h5h 1 1h 2 1 . . . 1h q , apply the expression for the likelihood function to each subperiod with its own perception threshold, and multiply the values of all subperiods to obtain the expression for the fuzzy likelihood function for the entire period.
The expression of l S D syst jh À Á does not require any special treatment, as the systematic discharges are considered as precise (i.e., non-fuzzy), and corresponds to the product of the probability density function f Q Á ð Þ evaluated at all measured peak discharges.
Design of Case Studies
To illustrate the feasibility of the approach for real world situations we present three case studies in this paper. The case studies were selected to cover a variety of hydromorphological conditions and historical source material types, and consequently different degrees of fuzziness.
The first case study is the Rhine at Basel (Switzerland), an Alpine river with a bedrock profile at Basel. This facilitates discharge reconstructions from water levels. These discharges are used along with historical narratives and systematic discharge observations. We use a noninformative prior and combine all the information in the likelihood function.
The second case study is the Werra at Meiningen (Germany), a midland river with a less well defined profile. Therefore, magnitude indices of historical floods are used instead of discharge reconstructions. The indices are incorporated in an informative prior. The likelihood function combines narratives of selected flood events through their membership functions, as well as systematic discharge observations.
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The third case study is the Tisza at Szeged (Hungary), a flat lowland river with extensive flood plains. There are fewer permanent landmarks throughout the entire historical period which, together with the flat topography, contributes to a larger vagueness of the historical floods than in the other case studies. The presence of an extensive floodplain with small elevation differences around Szeged makes discharge reconstruction difficult. Therefore, no discharge observations are used here. Instead, the magnitude indices of historical floods are incorporated into the likelihood function through their membership functions in an analogous way as the discharges in the Rhine case, and a noninformative prior is used.
The type of information included in the prior distribution and the likelihood function for the three case studies is summarized in Table 3 .
Fuzzy Prior Distributions 3.3.1. Noninformative Prior Distributions-Rhine and Tisza
For the Rhine and Tisza case studies, there is no need to specify an informative prior since both historical and systematic data can be straightforwardly included in the likelihood function. Therefore we assumed a noninformative flat prior, i.e., p h ð Þ / 1 for all values of h. If additional, independent information is available, it can be easily used in an informative prior. Note that p h ð Þ is non-fuzzy (precise).
Informative Prior Distributions-Werra
For the Werra case study, we use a fuzzy valued informative prior related to the threshold discharges between the flood magnitude indices (0 to 1, 1 to 2, 2 to 3). The prior distribution is fuzzy valued because we define the censoring discharges between magnitude classes as imprecise (fuzzy) numbers. It is constructed in the following way.
For a stationary stochastic process, consisting of a sequence of independent and identically distributed random variables (in our case, the flood peak time series, modeled as a sequence of independent GEV realizations), the mean inter-arrival time of events larger than a given threshold has an Inverse-Gamma sampling distribution [Kottegoda and Rosso, 1997] . The estimated sample means of the inter-arrival times between events inside each index therefore define three Inverse-Gamma sampling distributions. Using these as marginals and a Gaussian copula for the correlation structure, we construct the trivariate distribution of the inter-arrival times. The correlation parameter of the copula is estimated by simulations based on the systematic sample, i.e., the measured discharges during the instrumental period. This trivariate distribution can be interpreted as a trivariate sampling distribution for the three return periods associated with the three threshold (censor) discharges. The trivariate distribution of the inter-arrival times is then transformed into a trivariate fuzzy valued distribution for the parameters of the parent GEV distribution (i.e., the prior distribution p Ã h ð Þ as in equation (2)) based on the Jacobian of the transformation from return periods T5 T 1 ; T 2 ; T 3 ð Þto parameters h5 h 1 ; h 2 ; h 3 ð Þ , which is a function of the fuzzy valued threshold discharges. These discharges are estimated here by a simple method. Taking the annual peak discharges from the overlapping period between available flood indices and measured flows, we assign to each discharge value an index of 0, 1, 2 and 3 (an index of 0 represents years that have not been classified as 1, 2, or 3) and estimate the discharge averages for each index. These index averages are assumed to correspond to membership values of 0 of the fuzzy thresholds, and the membership function is assumed to be trapezoidal. For example, the fuzzy threshold between indices 1 and 2, as seen in Figure 3 , is a trapezoidal fuzzy number whose a-cut for a 5 0 ranges from 141 m 3 s 21 (average discharge for flood events classified as index 1, dark yellow points in Figure 3 ) to 170 m 3 s 21 (average discharge for flood events classified as index 2, dark red points in Figure 3 ). The a-cut for a 5 1 is then computed as one third (lower bound) and two thirds (upper bound) of the range defined by the a-cut for a 5 0.
Fuzzy Likelihood Functions-Parameterization of Membership Functions
For all case studies, membership functions associated with the historical event discharges Q Ã j (indices for the Tisza) were constructed from the historical descriptions. These were used in the likelihood functions. The two main characteristics of the membership functions are their location and their width. The location represents the magnitude of the floods, and the width represents the vagueness or imprecision. 3.4.1. Magnitudes, i.e., Midpoints of Membership Functions Table 4 contains, for each case study, text examples for the three magnitude categories of Tables 1 and 2. For the Rhine at Basel and the Werra at Meiningen they reflect the kind of information Wetter et al. [2011] and Deutsch and P€ ortge [2003] used to assign water levels and indices, respectively. For the Tisza at Szeged, they reflect the information used in this paper to assign indices.
The first three descriptions in Table 4 (Basel 1445, Werra 1820, and Szeged 1718) correspond to flood events of a small magnitude. In all three cases, the flooding caused a disturbance in the settlement activities, economy, (e.g., ''. . .it took a beam to the watermill. . .''), without specific mention of any considerable damage. This is a characteristic feature of historical floods of magnitude 1 (see Table 1 ), i.e., small. The following three events (Basel 1511, Werra 1816, and Szeged 1784) belong to the intermediate magnitude category. Larger disturbances than in the previous case are explicitly present in the descriptions (e.g., ''. . .it took away half of the long jetty. . .'') and the flood extent is reported in a more precise way (e.g., ''. . .the town is not yet standing in water except for some houses, those lying lower, close to the bank of the Tisza. . .''), as is common in the intermediate flood category. The last three descriptions in Table 4 (Basel 1480, Werra 1784, and Szeged 1816) portray large magnitude flood events. In all three texts there is mention of the extraordinary magnitudes of the flood events (e.g., ''. . .ingens fuit aquarum inundatio/there was huge inundation of waters. . .''). These wordings are not usually found in this kind of descriptions unless the damage, extent and duration of the flood were considerably larger than those of previous floods.
For the Rhine case study we used only the discharges from the reconstructions of Wetter et al. [2011] to determine the midpoint of the membership functions. Figure 4 illustrates their method of analyzing water levels reaching different locations in the vicinity of the river, which were systematically reported in historical documents. For example, during the 1690 flood it has reached the fish market while during the 1801 flood it has reached the Guesthouse ''Tete D'Or''. Equally important is the information (or the inference) that a particular location has been reached, but the next higher location has not. For example, the 1764 event was reported to reach the lower corner of the Guesthouse ''Krone'', which allowed Wetter et al. [2011] to infer that the building itself was not flooded, and therefore gave an indication of the maximum water level of this flood. Wetter et al.
[2011] estimated the stage-discharge relationship (Figure 4 ) by hydraulic modeling, assuming no change in the river cross section. Given that the cross section at Basel consists of bedrock this seems to be a reasonable assumption. In this paper, these discharges were assumed to correspond to the midpoints of the membership functions for the historical floods in the period 1256-1867.
For the Werra case study we used the indices presented by Mudelsee et al. [2006] (that are based on source material compiled by Deutsch and P€ ortge [2003] and Deutsch et al. [2004] ), transformed them into discharges (on the basis the measured discharges of the systematic period), and used them for the informative prior distribution. Since the cross sections are less well defined than for the Rhine, no hydraulic discharge reconstructions of historical floods were performed. In the likelihood function we only use five historical events represented by fuzzy discharges, the midpoints of which are taken as the average discharges of the index classes (red vertical lines in Figure 3 ).
For the Tisza case study we used directly the criteria in Table 2 to obtain the indices from source material. Due to the flat terrain of this lowland river a choice was made to perform the analysis on the basis of indices 
On 27 Feb. the ice broke and the Werra was very large: the water entered through the lower Gate, poured into the houses of the lower Marktgasse and reached the market. The horses were brought into the city from the stables.
Szeged, Feb. 1816 ''. . . m ar a V aros nagyobb r esze v ızben vagyon, a mennyire a Conscriptio meg t etethetett, s-ez uttal b e adatott 1495. alacsonyabb fekv es€ u h azak € oszve rogytak, a K. El est ar-is v ızzel k€ or€ ul vagyon, a kocsival val o j ar as sok utcz akban lehetetlen, a v ız ereszt es, m eretes szakadatlanul, de sikertelen€ ul folytat odik, azon fe€ ol€ ul hogy az h azaikbul ki-szoroultaknak ıgy magasabb helyeken kell mened eket szerezni, m eg minden rem enys eg csak a fe€ o t€ olt esek meg tart as aban vagyon,. . .'' . . . most parts of the Town are already in water, and when it was possible a Conscription was made and submitted: 1495 houses in lower-lying areas have collapsed; the Royal Granary is surrounded by water, it is impossible to travel by coach in many streets, the drainage unsuccessfully continues, and beyond the fact that those lost their houses have to find refugee on higher terrain, all hope is in maintaining and supporting the main dykes,. . .
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only. The integer indices were modified by a small fraction of up to 10% (e.g., from 2 to 2.1) to adapt to nuances of the narrative that provided more detail than can be captured by an integer index. These adapted flood indices were then used as the midpoints of the membership functions representing flood magnitudes.
Vagueness, i.e., Widths of Membership Functions
The main strength of the fuzzy approach is that it is not only able to capture the magnitude of the events, but also their degree of imprecision or vagueness. Table 5 contains, for each case study, examples of textual descriptions for three degrees of imprecision. We used this kind of information to classify events of all case studies according to their level of vagueness from which we assigned the widths of the membership functions.
For the events with small imprecision (Basel 1480, Werra 1820, and Szeged 1816) there is explicit mention of the water level that was reached during the flood (e.g., ''. . .on 20 January the Werra left its bed and the water exceeded the promenade on the upper stage. . .''). The water levels provided in these three descriptions are quite precise, up to the point that one could perform flood discharge reconstructions, given an elevation model at the time of the flood and some assumptions about the roughness of the terrain. The intermediate precision category (Basel 1570, Werra 1816, and Szeged 1741) also provides information about the maximum water levels, but these are given in a vaguer manner (e.g., ''. . .the bridge looked like a wooden raft on the river. . .''), and there is a stronger focus on the flood extent (e.g., ''. . .water was on the whole ground covering the stalks and the little grain. . .'' or ''. . .the same inundation completely flooded the arable lands [. . .], pastures, vineyards and orchards. . .''). These pieces of information will result in wider membership functions. In the large imprecision examples (Basel 1268, Werra 1818, and Szeged 1731) there is no mention of water levels or the spatial extent of the flooding. There is a vague mention of large damages (e.g., ''. . .it destroyed all bridges. . .'' or ''. . .the house of Janos Heged€ us has been destroyed. . .'').
For the Rhine case study, there are two groups of events with different types of information. The first group consisted of floods where we derived the vagueness from the spatial extent of the locations (e.g., market square) mentioned, and Table 5 was not used. A membership value of 0 was given to the water levels of the previous and following locations to the one described as flooded as illustrated in Figure 4 where the imprecision associated with the water level of 250.4 (Guesthouse Krone fully flooded) ranges from 250.3 
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(Guesthouse Krone, centre of building) to 250.5m (Guesthouse Tete D'Or'). Membership values of 1 were given within half of the water level ranges between locations. The second group of events were floods where such information on the extent was not available. For these floods we directly used the linguistic information as of Table 5 . For some of these floods clear information about the vagueness was available. For example, the description of the 1424 flood has ''. . . people could wash their hands in the river'' ( Figure 5 ). On the one hand, the peak water level most likely did not exceed the level of the bridge, as this would have been reported. On the other hand, if people could wash their hands in the river while standing on the bridge, the water level could not have been lower than 20-40 cm below the level of the bridge itself. While the quote represented in Figure 5 may sound like a hyperbole, it should be noted that the historical sources used in this study were contemporary and written by local reliable authors, which suggests that the description can be taken in a literal sense. Some minor changes probably occurred over time, and these are accounted for by the membership function.
For other floods the descriptions were less clear. For example, the description of the 1570 flood has ''. . .boats were boarded through the windows of the Guildhouse''. For such events the vagueness was grouped according to Table 5 . The widths were selected as 3, 6, 9% of the midpoint (a-cut of 1) and 10, 15, 20% of the midpoint (a-cut of 0) (in terms of discharges), for small, medium and large imprecision, respectively. The membership function was assumed to be trapezoidal with a few exceptions (e.g., 1268) where the upper limb was assumed to consist of two linear sections reflecting detailed historical descriptions. All water levels were transformed to discharges by the same rating curve as the midpoints. [Groß, 1624, p. 210] Around this time the Rhine was also so large that it flowed together under the bridge through the three Rhine-gates in the downtown, and the bridge looked like a wooden raft on the river. The house of Janos Heged€ us has been destroyed by the recent flood,. . .
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For the Werra case study, Table 5 was always used for the selected five events. The widths were selected as 3, 6, 9% of the midpoint (a-cut of 1) and 10, 15, 20% of the midpoint (a-cut of 0) (in terms of discharges), for small, medium and large imprecision, respectively. The membership function was assumed to be trapezoidal.
For the Tisza case study, Table 5 was used for all events. The widths were selected as 3, 6, 9% of the midpoint (a-cut of 1) and 10, 15, 20% of the midpoint (a-cut of 0) (in terms of indices), for small, medium and large imprecision, respectively. The membership function was assumed to be trapezoidal.
Case Studies
Reconstruction Based on Maximum Water Level Descriptions Since 1256 (Rhine at Basel, Switzerland)
The Rhine at Basel drains an area of about 36,000 km 2 , and elevations range from 244 to 4274 m. Floods typically occur in late spring and summer as a result of extensive rainfall of 1 or 2 days. Snowmelt may increase the antecedent soil moisture [Scherrer et al., 2008] .
The historical flood discharge series of Wetter et al. [2011] used here contains 36 events from the period 1256-1867, making up the fuzzy sample. Additionally, 142 measured annual peak discharges from the instrumental period (1869-2010) are used which make up the non-fuzzy sample. As noted in section 3.4.1, the rating curve shown in Figure 4 is taken as constant during the entire historical period. This assumption is supported by the local geology of the river bed along the city of Basel, which mainly consists of bedrock [Wetter et al., 2011] . Two important river diversions reducing the flood magnitudes took place in 1714 and 1877. Wetter et al. [2011] estimated the peak discharge reductions as 630 and 900 m 3 s 21 for the first and second diversion, respectively. In this paper we harmonized the entire time series to present day conditions by subtracting the estimated peak discharge reductions in the corresponding periods ( Figure 6 ). During the historical period the flood perception threshold is considered to have changed three times, given the evidence presented in Wetter et al. [2011] (in 1500, 1650, and 1780), and in each subperiod the perception threshold is taken as the lower bound of the smallest fuzzy discharge (5611, 5261, 4816, and 4300 m 3 s 21 )
(with two exceptions which were considered not typical). Figure 7 shows the estimated fuzzy flood frequency curve (a-level curves represented by blue transparent polygons) in panel (a) and its fuzzy 5% and 95% Bayesian credibility bounds (cyan) in panel (b). As compared to the non-fuzzy estimates from the systematic data alone (red line), the discharges associated with large return periods are somewhat higher. The imprecise 100 year flood discharge (without stochastic Figure 5 . Trapezoidal membership function (blue line), representing the fuzzy water level for the flood event of 1424 in Basel, described as ''. . .people could wash their hands in the river. . .'' in the chronicles of Kaplan Hieronymus Brilinger [Bernoulli, 1915] .
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uncertainty) (a-cut for a 5 0) is 4483-4905m 3 s 21 while the estimate from the systematic data alone is 4480m 3 s 21 . The steeper tail is more consistent with the largest measured flood discharges (points in Figure 7) which is a reflection of the additional information obtained from the historical data. Based on a combination of rainfall runoff modeling and flood statistics Scherrer et al. [2008] suggested that a discharge of 5000 m 3 s 21 in Basel is associated with a return period between 100 and 300 years. This is similar to the range that is obtained in this study for the imprecision (without stochastic uncertainty) of that discharge for an a-cut for a 5 1 (120-360 years) (Figure 7a ). It is interesting that the fuzziness is small at small return periods and increases substantially as the return period increases. This behavior is related to the choice of a non-fuzzy (precise) prior distribution which, in combination with the non-fuzzy (precise) systematic data, controls the fuzziness of the small return periods. For larger return periods, the fuzzy component of the likelihood function associated with the historical events becomes more important. Figure 7b shows that the imprecise credibility bounds have a similar imprecision as the best estimates in Figure 7a . If one compares the midpoints of the estimated membership functions of the credibility bounds with their non-fuzzy counterparts from the systematic data alone, there is a significant reduction in the width of the bounds resulting from the use of historical information which is not surprising given that the historical sample covers 612 years. However, this is at the cost of introducing imprecision.
500 Year Series Based on Mixed Source Evidence (Werra at Meiningen, Germany)
The Werra at Meiningen drains an area of about 1170 km 2 , and elevations range from 282 to 982 m. Floods may occur throughout the year but large winter floods are more frequent, often associated with rain-onsnow, and sometimes with ice jams.
The historical flood magnitude index series published by Mudelsee et al. [2006] used here is based on various types of local sources (e.g., chronicles, annals, diaries, newspapers, pamphlets etc.). It contains 128 indexed floods from the period 1500-2003 ( Figure 8 ) which were used here to estimate the fuzzy prior distribution. On the basis of an assessment of the source material a judgment was made that approximately 20% of index 1 floods were not identified. Therefore, 20% of the years with index 0 (no flood observed) were randomly assigned index 1 (small flood observed). Additionally, the membership functions of five historical events (1720, 1784, 1816, 1818, and 1820) were used in the likelihood function along with (nonfuzzy) measured annual peak discharges from the instrumental period . The information contained in the membership functions of the five historical events is assumed to be independent from the inter-arrival times estimated from the 128 indexed floods. Figure 9 shows the results of the analysis. The fuzzy estimates (blue polygons in Figure 9a ) are quite consistent with the non-fuzzy estimates from the systematic data alone (red line). The imprecise 100 year flood discharge (without stochastic uncertainty) (a-cut for a 5 0) is 213 -245 m 3 s 21 and the estimate from the systematic data alone is 227 m 3 s 21 . It is interesting that the imprecision grows less with the return period than for the Rhine case study. This is because a fuzzy prior distribution is assumed here which propagates to the fuzziness of all return periods to a similar extent. The membership functions of the estimates are almost triangular which is a reflection of the shape of the membership functions of the threshold discharges. As the discharges are derived from the thresholds between the indices, the range of the a-cut for a 5 1 becomes narrow. Figure 9b shows that the imprecise credibility bounds are slightly overlapping but the a-cuts for a 5 1 are quite distinct. If one compares the midpoints of the estimated membership functions of the credibility bounds with their non-fuzzy counterparts from the systematic data alone, there is a clear reduction in the width of the bounds resulting from the use of historical information. dike breaches were used to check the index classification. To complement this information, some narratives from the Szeged region were used.
The index classification is based on Table 2 . Indices were preferred for the series over explicit water levels due to river training measures, morphological changes and the unavailability of water levels before 1833. Although presumably all extreme and catastrophic flood events were documented, the detection of index 1 flood events is probably not systematic until the early 19 th century. Similar to the Werra case study, a judgment was made that approximately 20% of index 1 floods were not identified and 20% of the years with index 0 where randomly assigned index 1. The length of the historical flood series is limited by the beginning of the 18 th century due to the wars associated with the end of the Ottoman occupation, so the record is from 1700 to 2005 (Figure 10 ). Figure 11 shows the results of the analysis in terms of imprecise magnitude frequency curves. The imprecise 100 year flood index (without stochastic uncertainty) (a-cut for a 5 0) is 3.15 -4.32. While the indices of Table 2 have only been specified for a range from 1 to 3, larger events are possible. This is because Table 2 relates to the sample while the estimates in Figure 11 relate to possible future floods that may be bigger than any flood that has been observed in the past. The vagueness (or imprecision) of the 100 year estimates is larger than that of the other case studies. The range of the a-cut for a 5 0 is 1.17, which is 32% of the midpoint of the cut. In contrast, the corresponding percentages of the Rhine and Werra case studies are 9% and 14%, respectively. Similar to the Rhine case study, the fuzziness increases with the return period as a result of the non-fuzzy prior distribution and the inclusion of fuzzy historical information in the likelihood function. Figure 11b shows that the imprecise credibility bounds are distinct for larger return periods, particular for the a-cut for a 5 1. Clearly, for this case study, the index estimates are both quite uncertain and imprecise due to a 300 year coverage of rather imprecise index values from the historical information.
5. Discussion
Value of Fuzzy Historical Information
The methodology proposed for transforming historical records into fuzzy numbers representing peak discharges of historical flood events, seems to be flexible in terms of being able to be adapted to diverse types of linguistic evidence and hydromorphological conditions. The evidence used ranges from descriptions of the water level to damage descriptions, and was drawn mainly from narratives and institutional archival In order to understand the stochastic uncertainty reduction due to historical information we defuzzify the fuzzy credibility bounds by taking the centroids of the membership functions. Table 6 evaluates the defuzzified 5% and 95% Bayesian credibility bounds of the cases shown in Figures 7b and 9b , and compares them with the credibility bounds that only use systematic discharge data. The range of the credibility bounds (shown in brackets) is a measure of the stochastic uncertainty associated with the estimates.
For the Rhine case study and a return period of 10 years, the range between the 5% and 95% credibility bounds decreases from 331 to 187 m 3 s 21 if fuzzy historical information is included. This conforms to a 35% reduction in the stochastic uncertainty. As the return period increases, the percent reduction slightly increases (to 45% for 100 years) and returns to 35% for 1000 years. The larger reduction for 100 years may be related to the typical magnitudes of large floods in the historical period. For the Werra case study the reduction in the stochastic uncertainty is slightly larger than for the Rhine (37%, 61% and 39% reductions for 10, 100 and 1000 years, respectively). The larger reduction is due to the shorter record length of the systematic sample (95 years for the Werra as compared to 142 years for the Rhine). Clearly, as the length of the systematic sample decreases, the historical information will become more important.
It is now of interest to compare the new fuzzy method with more traditional methods of including historical information that associate each historical sample with an uncertainty distribution (rather than with imprecision). Irrespective of the method used one would expect the uncertainty reduction to increase with the record length of the historical sample, decrease with the record length of the systematic sample, and decrease with the uncertainty of the historical data [Franc es et al., 1994; Hosking and Wallis, 1986] . Using a similar Bayesian (but non-fuzzy) framework, Viglione et al. [2013] found the range of the 5-95% credibility bounds of the 100 year flood to decrease by 60.9% when including historical data from a period of 350 years with a systematic record of 55 years in an Austrian catchment. For generated data, Reis and Stedinger [2005] found a reduction of 68% of the range of the 2.5-97.5% credibility bounds of the 100 year flood when including 100 years of historical data (without stochastic uncertainty) with a systematic record of 20 years. For a study set in southern France Neppel et al. [2010] found a 24% decrease in the stochastic uncertainty (150 years of historical data (without stochastic uncertainty) with a systematic record of 115 years). However, they also noted that there were cases when the uncertainty increased (between a 49% and a 69% increase of the range of the 5-95% credibility bounds of the 100 year flood) because of the high level of uncertainty affecting the highest historical floods and the model used for the systematic errors of the rating curve. While a formal comparison with alternative methods is beyond the scope of this study, the reductions we find here are consistent with the non-fuzzy studies in the literature. In addition to the reduction in the credibility bounds, we account for the imprecision of the historical data and its propagation to the flood estimates. It has been checked that, in the limiting case where the fuzziness approaches zero (i.e., the membership functions collapse to a singe value and the fuzzy floods become crisp numbers), the quantiles obtained by the Fuzzy Bayesian Inference are identical to those of the Bayesian approach of Reis and Stedinger [2005] and Viglione et al. [2013] . In order to fully assess the accuracy of the presented method relative to other approaches, a cross-validation including several combinations of historical and systematic periods in the sample, a comparison with other methods that use historical floods in the frequency estimation, and perhaps synthetic realizations where the flood samples are simulated with known properties, would be of interest.
Potential Biases
When estimating floods of a given return period one is equally interested in minimizing the biases as minimizing the uncertainty. Biases depend on the estimation method and the data used. The most critical issues when using historical, documentary evidence are probably observation biases, and in particular the difficulty of distinguishing whether, in a particular year, no flood has occurred or no flood has been reported even though a flood has occurred. The observation biases usually increase as one goes back in time because of the less systematic recording in earlier times and the increased likelihood that the information has been lost in the meantime. If information on the percentage of missed floods is available one can make adjustments by assuming that part of the years without observed floods have actually had a small flood. Information on missed floods can be obtained by comparative studies, e.g., by comparing archival information with measured discharges. However, this is only possible for the instrumental period while further back in history, when observational biases are likely larger, this is more difficult. Another possibility is to use the seasonal weather conditions from documentary evidence to assess the potential for observation biases, although this only gives a very approximate estimation. There are counterexamples where a drought was suddenly followed by a flood such as was the case in 1362 on the Hungarian Danube. More research is needed on this issue.
As noted by Neppel et al. [2010] and Viglione et al. [2013] , the perception threshold is one of the most sensitive parameters in the estimation procedure. The perception threshold is usually set as the smallest flood discharge (or magnitude index) in the historical period, but this may imply missing floods above the threshold. Alternatively, as in the Rhine case study of this paper, a time varying threshold can be used. A time varying threshold can account for lower thresholds further back in history as is usually the case, but it does require more detailed information on the reliability of the historical sources over time and multiple subjective choices.
One of the motivations of using historical information in flood frequency estimation is the reduction in bias for the case the systematic period may happen to lie in a flood-poor or in a flood-rich period [Hall et al., 2014] . For example, for a study in the Ebro basin in Spain (300 years of historical data with a systematic record of 85 years), Ruiz-Bellet et al.
[2015] reported a 35-100% decrease in the best estimate of the 100 year flood when including historical data. However, this reasoning is based on the assumption that the historical period is more representative of the future than the systematic period. Flood-poor and flood-rich periods have indeed often been reported in the literature which are related to the low frequency variability of the hydrological cycle in the climate system [e.g., Koutsoyiannis and Montanari, 2007; Schmocker-Fackel and Naef, 2010; Szolgayov a et al., 2014] . Nonstationarity may also occur in the catchment and the river system, such as land use change, river training and diversions [Hall et al., 2014] . If known, such changes can easily be accounted for in the historical data as in the Rhine case study of this paper. If they are not known, they add to the uncertainty of the flood estimates.
Practical Applicability of the Method and Outlook
The main motivation of the proposed fuzzy Bayesian inference framework has been the perfect match to the nonprecise nature of linguistic information on historical floods as available in archives and other historical sources. However, this comes at the cost of the flood estimates being fuzzy-valued, i.e., one obtains a range of best estimates, including a range for each credibility bound. This information may not be easy to use in practice, as practitioners tend to find it difficult to deal with stochastic uncertainty, let alone with both stochastic uncertainty and imprecision [e.g., Bl€ oschl, 2008] . For some applications, such as flood design, one would probably defuzzify the estimates. The imprecision could be useful as additional information on deciding on design characteristics such as free boards. For other applications, such as risk mapping, one could in fact use the imprecision to produce fuzzy risk maps similar to uncertain risk maps [e.g., Di Baldassarre et al., 2010] . More generally speaking, imprecision could contribute to more informed decision making in a similar way stochastic uncertainty estimates do, even though stochastic uncertainty and imprecision are completely different concepts.
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The proposed framework competes with alternative, traditional approaches of including historical information that are based on assigning stochastic uncertainty (rather than imprecision) to historical floods. While, conceptually, the fuzzy approach is appealing as it represents imprecision, in practical terms there is an element of similarity in that both approaches provide ranges for the estimates. Stedinger and Cohn [1986] , Franc es et al. [1994] , and Reis and Stedinger [2005] , e.g., consider historical floods as either perfectly known or as being larger than the perception threshold. Botero and Franc es [2010] present a classification of censored historical information according to the exceedance of a perception threshold, and the presence of upper and lower bounds. In contrast, Neppel et al. [2010] and Viglione et al. [2013] consider a single historical flood as uniformly distributed between a lower and an upper threshold. This probabilistic approach could be extended to fuzzy-valued distributions representing single historical events.
For the Tisza case study, magnitude frequency curves were estimated because it was difficult to estimate discharges for the flood events. While magnitude frequency curves cannot be used directly for flood risk management, they could contribute to enhance public awareness, and to put risk estimates (from other sources) into a qualitative long-term context. Alternatively, discharges could be introduced in the analysis, but more information on the changes that the city and the catchment have undergone would be required.
Some of the assumptions of the proposed framework could be relaxed and some of the methods could be refined. For example, the simple threshold method used for the Werra case study to transform indices into discharges could be replaced by kernel density estimation [Rosenblatt, 1956] although preliminary tests (not shown here) suggest that the estimates thresholds did not differ by more than by 5%. Trapezoidal membership functions were used here, but other expressions could be used (e.g., general fuzzy numbers [Viertl, 2011b] ). Future lines of research could include more formal sets of rules or mappings between textual descriptions of historical flood events and the corresponding fuzzy membership functions. Finally, the framework proposed here could be expanded to include regional and causal information in the spirit of Viglione et al. [2013] .
Conclusions
This paper proposes a novel fuzzy Bayesian inference framework for flood frequency estimation that combines nonprecise historical flood information and systematic discharge observations. The following conclusions can be drawn from the application of the framework to the three case studies:
1. The proposed method is flexible in that it is able to account for different types of historical flood information as illustrated by three diverse case studies. 2. Depending on the historical source material, descriptions provide information with different levels of vagueness. These can be encapsulated in the membership functions with different widths for each flood. 3. Historical flood time series are usually given as three-scaled magnitude index series. These lend themselves conveniently to be transformed into three-parameter distributions. 4. Hydraulic reconstructions of discharges may have the narrowest membership functions. Their width can be based on the spatial extent of the flood waters reflected in the linguistic descriptions these reconstructions are built from. 5. If the historical and systematic records overlap, information on the historical floods can be included as a fuzzy prior distribution. 6. Inclusion of fuzzy historical information reduces the estimation stochastic uncertainty over only using systematic data. For the Rhine and Werra case studies, the stochastic uncertainty of the estimated 100 year flood was reduced by 45 and 61%, respectively. 7. If the historical flood records are not complete, observational biases are introduced. Similarly, if the catchment or river conditions change, biases are introduced. The latter can be easily accounted for if known, the former are more difficult to address.
